Percolation for a planar lattice has a single percolation threshold, whereas percolation for a negatively curved lattice displays two separate thresholds. The enhanced binary tree (EBT) can be viewed as a prototype model displaying two separate percolation thresholds. We present an analytic result for the EBT model which gives two critical percolation threshold probabilities,
2 and p c2 = 1/2, and yields a size-scaling exponent Φ = ln p(1+p)
1−p(1−p) / ln 2. It is inferred that the two threshold values give exact upper limits and that p c1 is furthermore exact.
In addition, we argue that p c2 is also exact. The physics of the model and the results are described 
I. INTRODUCTION
The percolation transition is one of the main examples of a critical phenomena [1, 2] , and there have been extensive studies on lattices in Euclidean space, in particular, various types of planar lattices. An interesting and somewhat less studied aspect of the percolation phenomena is that, while a planar lattice possesses a single percolation threshold, a hyperbolic lattice with a constant negative curvature has two different thresholds [3] . Figure 1 (a) gives an example of a hyperbolic lattice with Schläfli symbol {7, 3} as well as its dual, {3, 7}, where {m, n} means that the number of regular m-gons meeting at each vertex inside the structure is n. One characteristic feature of negative curved lattices is that the number of boundary points is a finite fraction of the total number of lattice points. The fact that the number of surface points is a finite fraction is intimately connected to the existence of two thresholds: the probability of reaching one of the boundary point from the midpoint becomes finite at occupation probability p = p c1 in the infinite-size limit, whereas the probability to reach a finite fraction of the boundary points becomes finite at p c2 . This midpoint-percolation description offers a conceptually simple way of understanding the physics at the two thresholds.
The hyperbolic lattices have, in comparison with the planar lattices, two complications: one is that there are few known exact results for the actual values of the thresholds and for the critical properties associated with them. The other is that, since the number of lattice points grows rapidly with the distance from the midpoint, it is hard to obtain very precise results numerically by using standard size scaling in conjunction with Monte Carlo techniques. The enhanced binary tree (EBT) model alleviates these difficulties to some extent. The EBT was introduced in the present context by Nogawa and Hasegawa [4] as a simplified model for a negatively curved lattice. Like the usual Cayley tree, it retains the key feature that the boundary points are a finite fraction of the total number of lattice points.
However, the EBT model has an advantage over the usual hyperbolic lattices because its smaller fraction of boundary points, which makes it easier to obtain numerical results for larger sizes. Even so, recent conflicting numerical results for the EBT model reflect the difficulty inherent in obtaining reliable numerical results for hyperbolic lattices [5, 6] . Hence it would be useful to have exact estimates for a prototype model, which can be used as a benchmark for the various numerical techniques (see Refs. [7] [8] [9] [10] [11] [12] [13] [14] for some existing exact threshold calculations). It is then fortunate that, as shown here, the EBT model itself possesses analytically accessible results.
The EBT structure is obtained from the usual binary tree by adding horizontal cross links together with a periodic boundary in the horizontal direction, as shown in Figs 
II. ANALYTIC RESULT
The method used to find solutions for the EBT model can be illustrated using the binary tree. We pick an arbitrary point on the surface and ask how many routes there are which connect this particular point to the midpoint. For the binary tree the solution is trivial: as seen from Fig. 2(a) , there is only one possible route. But in order to reach the top, all the links along this route have to be in place. The chance for a link to be in place is given by the occupation probability 0 ≤ p ≤ 1. If the number of steps needed to reach the top is L, then the probability to get to the top is P = p L , which obviously goes to zero for L → ∞ unless p = 1. So, if one picks an arbitrary surface point, there is for p = 1 a finite probability for the existence of a connected route to the midpoint. This means that all the surface points have a finite probability to be connected to the midpoint. Hence at p c2 = 1, a finite fraction of the surface point is connected to the midpoint (in this trivial case, this fraction is 1).
The number of surface points is B = 2 L , and one can alternatively ask what is the chance for finding a connection from the midpoint to just one of the surface points. This is just
L , which becomes finite for p = 1/2 and defines the first percolation threshold p c1 = 1/2. Thus the binary tree possesses two separate thresholds: the lower one p c1 defined as the first appearance of a connection from the midpoint to the surface and the second one, p c2 , defined as the first appearance of midpoint to surface connections which reaches a finite fraction of the surface points.
We apply the same method to obtain the thresholds for the EBT case: two possible routes from a surface point to the midpoint are drawn in Fig. 2 (b). The difference with the binary tree is that a route for the EBT can jump between the various tree branches. Thus there are now many possible routes and the chance that one of them goes all the way to the top for a given p increases. As a consequence, the threshold p c2 decreases to a value smaller than 1.
We first make a classification of possible routes to the midpoint from the chosen starting point on the surface. A route classification is defined as an ordered sequence of lattice points, route-markers, given by (l, d l , s l ): if we start from a route-marker point at distance l from the midpoint then the next route-marker point is identified by d l = ±1, which means that the next is left or right along the horizontal level l, together with s l which denotes the distance in lattice points to the next route-marker. At this route marker, the route changes level so that the following route-marker is the closest lattice point on level l −1, which means that this point is the first point on the route on level l − 1. From this first point on l − 1, we then identify the next two route-markers by (l − 1, d l−1 , s l−1 ), which gives the last point on the route on level l − 1, as well as the first on level l − 2. The route classification is illustrated in Fig. 2(c) . Next we restrict the routes to all the routes which do not contain any backstep, where a backstep is a step which increases the distance to the midpoint. Thus we only consider steps which are either horizontal or upwards in Fig. 2(b) . Also note that if s l = 0, the route goes directly to the closest point on level l −1. Thus a complete sequence of l route-marker labels (l, d l , s l ) gives a class of routes from the surface point to the midpoint.
The next step is to consider how we get from the starting point on level l to the end point on level l − 1 for one specific link configuration. As one moves horizontally on level l, one arrives at the possible route-markers in consecutive order. Some of the lattice points are linked to the level above, while others are not. Only the ones which are linked are possible route-markers. These possible route-marker points can be enumerated in consecutive order
enumerates all the possible route classes we can have when starting from the first point on level l going horizontally in the direction d l to the next route marker, which connects to the level l − 1. Out of these possibly many classes one picks one specific, the one with the shortest horizontal distance (l, d, s (1) l ). By choosing the shortest route-marker distance on every level one obtains a class of tagged routes from the point on the surface to the midpoint. The probability for one such tagged route, denoted
l ) and the average number of such tagged routes, which reach the midpoint, is r (tag) = j P can be explicitly calculated: starting from the first route-marker on level l in Fig. 2(c) , the chance for getting to the closest point on the level l − 1 above, when moving to the left, is 
where N(l − 1) = 2 l−1 is the number of points on the l − 1 level. In the rightward direction, like the route drawn in Fig. 2(c) , we first have to move one step to the right with probability p and the result becomes
The probability for a tagged route with no backsteps is then given by
which means that
where 0 < c ≤ 1 is a constant independent of L. Thus for
< 1, the average number of tagged routes without backsteps vanishes in the limit L → ∞. This happens for p < 1/2 which gives the estimate p c2 = 1/2: at this threshold the probability for having a tagged route from an arbitrary surface point to the midpoint vanishes. In contrast, for p > 1/2 there is a nonzero probability that a finite fraction of the surface points are connected to the midpoint. Since the number of surface points is B = 2 L , this also means that, when Br tag becomes finite, there is a finite probability that that one of the surface points is connected to the midpoint. This condition is given by p(1+p) 1−p(1−p) = 1/2 and has the solution
≈ 0.30278. Since the calculation is based on a particular subclass of possible routes, these results are either upper bounds or exact.
III. EXACTNESS ARGUMENT
The tagged route thresholds values for p c1 and p c2 are by construction upper bounds. The question is then if they also are the exact values. A heuristic argument for the exactness of p c2 goes as follows: at the real p c2 a unique percolating cluster is formed. The formation of such a cluster means that the probability of finding paths, which takes you to the top, suddenly increases. Such a probability increase is, by the tagged-route argument, predicted Extrapolation for the data points suggests that α vanishes at p = 0.50 (1) .
to happen at p = 0.5. This suggests that the tagged-route prediction p c2 ≤ 0.5 can be sharpened to p c2 = 0.5.
In order to further probe the exactness, we numerically calculate the minimum number of backsteps, n b , needed for a nonzero-backstep path to go from the bottom to the top. Since this vanishing slope is clearly in itself a critical behavior, it is plausible that the slope vanishes at the exact threshold p c2 ≤ 0.5. Again the formation of a single percolating cluster at p c2 is likely to be associated with a sudden change of the properties of the routes which take you from the bottom to the top. Since a sudden change in the number of backsteps is just such a property, this suggests that α vanishes precisely at p c2 = 0.5. The numerical results are consistent with vanishing at p = 0.5, but our numerical precision is not high enough to rule out that it could also vanish somewhere in the region 0.49 < p < 0.5.
The fact that the minimum number of backsteps per level vanishes at least below p = 0.49 makes it possible to deduce that the tagged-route value for the lower threshold p c1 = 1 2
≈ 0.30278 is exact. The reason is that a typical path from the bottom to the top will always contain at least one section where the distance between two backsteps along the path is proportional to L. This means that a typical path will always contain sections without backsteps which connects levels separated with a distance which goes to infinity in the limit L → ∞. The tagged-route argument predicts that such a path exists (does not exist) with a finite probability for p larger (smaller) than p c1 = 1 2
. The same argument tells you that p c2 cannot be lower than the p value where α vanishes, which according to our numerical extrapolation in Fig. 3(b) gives 0.49 < p c2 ≤ 0.5. Note that the upper limit in this estimate is 0.5 because the tagged-route argument by itself gives an upper bound.
To sum up: we conclude that p c1 = 1 2
is the exact value and that 0.49 < p c2 ≤ 0.5.
Furthermore, we conjecture that p c2 = 0.5 is likewise exact based on plausibility arguments. Figure 4 gives a comparison between the number of tagged routes connecting the midpoint with the surface, Br tag given by Eq. (3), and b, the number of surface points connected to the midpoint: Fig. 4(a) shows the number of tagged routes as a function of p for various sizes L.
IV. COMPARISONS
The curves for the different sizes cross at the critical value p c1 = 1 2
≈ 0.3028, whereas Fig. 4(b) shows the numbers of surface points which are connected to the midpoint, b. These values are obtained from numerical simulations as described in Refs. [3] and [5] . These curves also cross at p c1 and the independent numerical estimate in Ref. [4] , p c1 = 0.304(1), is also in excellent agreement with this result. Note that r tag and b are two distinct quantities although closely related. They would be identical if the connection between a surface point and the midpoint did always involve just a single tagged route. As seen in Fig. 4(c) , this is true to good approximation in the region 0.3 < p < 0.4. For small p, there is a tiny deviation because a single tagged route has a small but finite chance of connecting more ) / ln 2.
The exponent Φ is plotted in Fig. 4(b) and is compared to the corresponding exponent for b/B ∼ Ω Φ ′ obtained numerically from simulations [3, 5] . As seen Φ ≈ Φ ′ for p < 0.4, which again shows that in this interval the number of connected surface points is closely the same as the number of tagged routes. However, as noticed above, for larger values of p, the number of routes exceeds the number of connected surface points. This has interesting consequences at the second threshold p c2 : in Fig. 4 (e), the number of tagged routes per surface point is plotted and the curves for the various sizes crosses precisely at p c2 = 0.5. This means that, at this threshold, the size-scaling exponent for the tagged routes is Φ = 0 whereas the numerically determined size-scaling exponent for the fraction of attached surface points, b/B is Φ ′ ≈ −0.11, as shown in Fig. 4(e) . This means that, at p c2 , the number of tagged routes which are attached to the same surface point decreases with size as a power law with the exponent Φ ′ ≈ −0.11. One also notes that the threshold value determined numerically from b/B is consistent with the exact value p c2 = 1/2, but with a larger uncertainty than the numerical determination of p c1 .
One question is whether or not the EBT and its dual lattice are related in such a way that the lower threshold p
for the dual lattice and the upper threshold for the EBT p c2 , sum to p
+ p c2 = 1, as was conjectured by Nogawa and Hasegawa [4] . Just as for the EBT, the lower threshold for the dual lattice can be numerically determined to good precision and is given by p
= 0.436(1) [4] . The determination of p c2 ≤ 1/2 in this work shows that in fact p
+ p c2 ≤ 0.936 < 1, and that consequently the conjectured exact relation is not valid. This property is shared with the hyperbolic lattices. For example, p c2 is for the {7, 3} lattice in Fig. 1(a) numerically determined as p c2 ≈ 0.72 whereas the lower threshold for the dual lattice {3, 7} is approximately p
≈ 0.20 [3] . This gives p
+ p c2 ≈ 0.92 and illustrates the strong resemblance between the EBT model and the hyperbolic lattices.
V. SUMMARY
The values of the two percolation thresholds for the EBT model were inferred using a two-step method: the first step involved an exact calculation of a particular class of routes from the surface to the midpoint. The second step involved a numerical calculation of the minimum number of backsteps for nonzero-backstep routes connecting a surface point to the midpoint: when this number increases slower than L, the tagged-route probability determines the percolation. This made it possible to infer the exact value of p c1 . Arguments were presented which, in our opinion, give strong evidence that p c2 is also given exactly by the tagged-route probability. One might suspect that there are lattices for which complete analytical solutions are difficult to find, where the tagged-route probability determines the percolation threshold. For example, the exact results for the triangular, quadratic, and honeycomb lattices are readily reproduced.
Hyperbolic lattices in general have two separate percolation thresholds and both of them can be identified within the midpoint-percolation concept: at the lower threshold, a finite number of the surface points are reached from the midpoint and at the higher, a finite fraction. The EBT can be viewed as a simplified version of a hyperbolic lattice and it is, to our knowledge, the first lattice of this type with two nontrivial thresholds where at least one has been exactly determined. There are also two trivial cases, i.e., the Cayley tree with p c1 = 1/2 and p c2 = 1 and the dual to the Cayley tree which has p c1 = 0 and p c2 = 1/2. In addition, there are related models which also possess two percolation thresholds [13] [14] [15] . In
Ref. [14] , the two thresholds for a scale-free hierarchical network were exactly obtained and found to be p c1 = 0 and p c2 = 5/32, which seems superficially somewhat reminiscent of the dual to the Cayley tree in the sense that there is no nonpercolating phase for any nonzero p.
Likewise, two percolation thresholds were found for a certain Hanoi network in Ref. [13] and determined to high precision. In this case, both thresholds are nonzero just as for the EBT.
However, the relation between the scale-free hierarchical network and the Hanoi network, on the one hand, and the percolation transitions for a hyperbolic lattice, on the other, is an interesting question which remains to be elucidated.
Apart from being a good proxy of a hyperbolic lattice, the EBT has interesting intrinsic
